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Abstract
In this paper, we study the existence of a second-order impulsive diﬀerential
equations depending on a parameter λ. By employing a critical point theorem, the
existence of at least three solutions is obtained.
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1 Introduction
In recent years, the study of the existence of solutions to impulsive diﬀerential equation
has aroused extensive interest, we refer the reader to [–] and the references therein.
In [], by using some existing critical point theorems, Xie and Luo investigated the ex-













, j = , , . . . ,m, (.)
u′() = u′() = .













, j = , , . . . ,m, (.)
u() = u(T), p()u′() = p(T)u′(T).
The authors gave some criteria to guarantee that the problem has at least one solution
under some diﬀerent conditions.











, j = , , . . . ,m, (.)
u() = u() = .
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Motivated by the previous mentioned paper, in this paper, we will study the existence of













, j = , , . . . ,m, (.)
u′() = u′() = ,
where  = t < t < · · · < tm < tm+ = , p ∈ PC([, ]), f ∈ C([, ] × R,R), Ij ∈ C(R,R),
j = , , . . . ,m, p(tj)u′(tj) = p(t+j )u′(t+j ) – p(t–j )u′(t–j ), p(t+j )u′(t+j ) and p(t–j )u′(t–j ) denote the
right and the left limits, respectively, λ ∈ [, +∞) is a real parameter.
2 Preliminaries













Deﬁne the norm in C([, ]) by ‖u‖∞ = maxt∈[,] |u(t)|.
Lemma . For any u ∈ X, we have ‖u‖∞ ≤ √M‖u‖.
Proof For u ∈ X by the mean-value theorem, there exists τ ∈ (, ) such that ∫  u(s)ds =





















































For every u ∈ X, we deﬁne the functional ϕ(u) : X → R by
















 f (t, s)ds.
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Obviously, is a nonnegative continuouslyGâteaux diﬀerentiable and sequentially weakly
lower semicontinuous functional whose Gâteaux derivative admits a continuous inverse
onX∗, and is a continuouslyGâteaux diﬀerentiable functional whoseGâteaux derivative
is compact. 
Lemma . ([]) If u ∈ X is a critical point of the functional ϕ, then u is a classical solution
of problem (.).
Suppose that E ⊂ X. We denote Eω as the weak closure of E, that is, u ∈ Eω if there
exists a sequence {un} ⊂ E such that g(un) → g(u) for every g ∈ X∗. Our main tool is the
following three critical points theorem obtained in [].
Lemma . ([], Theorem .) Let X be separable and reﬂexive real Banach space.  :
X → R a nonnegative continuously Gâteaux diﬀerentiable and sequentially weakly lower
semicontinuous functional whose Gâteaux derivative admits a continuous inverse on X∗.
J : X → R a continuously Gâteaux diﬀerentiable functional whose Gâteaux derivative is
compact. Assume that there exists x ∈ X such that (x) = J(x) =  and that
(i) lim‖x‖→+∞((x) – λJ(x)) = +∞ for all λ ∈ [, +∞).
Further, assume that there are r > , x ∈ X such that
(ii) r <(x).




λ ∈ 	 =
(
(x)






′(x) – λJ ′(x) =  (.)
has at least three solutions in X and,moreover, for each h > , there exist an open interval
	 ⊆
[
, hrr(J(x)/(x)) – supx∈–((–∞,r))ω J(x)
)
and a positive real number σ such that, for each λ ∈ 	, (.) has at least three solutions
in X whose norms are less than σ .
3 Main results





 Ij(t)dt ≥ .
Bao Advances in Diﬀerence Equations  (2017) 2017:20 Page 4 of 6
(H) Let ai >  (i = , ),M > , and  < μ <  such that
F(t,u)≤ a|u|μ – a, for |u| ≥M, t ∈ [, ].













































), problem (.) has at least three solutions in X.
Proof Now we show the conditions (i)-(iii) of Lemma . are satisﬁed.
For any u ∈ X, |u| ≥M, and λ ≥ , and the assumptions (H)-(H) we have































which shows the condition (i) of Lemma . is satisﬁed.























so the condition (ii) of Lemma . is obtained.
By Lemma ., if (u)≤ r, then
∣∣u(t)
∣∣ ≤ M‖u‖ ≤ M(u)≤ Mr = c, for t ∈ [, ],
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which implies that
–(–∞, r)⊆ {u ∈ X, ∣∣u(t)∣∣ ≤ c, t ∈ [, ]}.
































From the assumption (H) we have
sup
u∈–(–∞,r)ω
(u) < rr +(u)
(u),
which shows the condition (iii) of Lemma . is satisﬁed.
Note that
(u)

























The condition (H) implies λ > λ. In the light of Lemma ., the problem (.) has at
least three solutions in X for each λ ∈ (/λ, /λ).
The proof is complete. 
4 Examples









= u(t), t =

 , (.)










 (eu – ), u≤ ,





e, u > .
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= (e – ) ,

λ
= e – e ,
which shows that all conditions of Theorem . are satisﬁed, so the problem (.) admits
at least three solutions for λ ∈ ( e–e , (e–) ).
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